Recently, it has been shown that two-dimensional bosonic symmetry-protected topological(SPT) phases with on-site unitary symmetry G can be completely classified by the group cohomology class H 3 (G, U(1)). Later, group super-cohomology class was proposed as a partial classification for SPT phases of interacting fermions. In this work, we revisit this problem based on the mathematical framework of G-extension of unitary braided tensor category(UBTC) theory. We first reproduce the partial classifications given by group super-cohomology, then we show that with an additional H 1 (G, Z2) structure, a complete classification of SPT phases for two-dimensional interacting fermion systems for a total symmetry group G × Z f 2 can be achieved. We also discuss the classification of interacting fermionic SPT phases protected by time reversal symmetry.
Introduction -Due to the Pauli exclusion principle, non-interacting fermions have rich structures in their ground state wavefunction and a complete classification of symmetry protected topological(SPT) phases of free fermions has been achieved by using ideas like Anderson localization [1] and K theory [2] . It is then of no surprise that the experimental observation of these nontrivial states is relatively easy and a variety of materials have been discovered to be time-reversal-invariant topological insulators/superconductors [3] [4] [5] [6] . On the other hand, recent studies show that SPT phases also exist in interacting boson systems and can be systematically classified by (generalized) group cohomology theory [7] [8] [9] . Nevertheless, bosonic SPT phases remain quite elusive since their occurrence requires strong interactions (weakly interacting bosons tend to condense and become a superfluid).
Despite the remarkably successful classifications of non-interacting band Hamiltonians, the non-perturbative effects of interactions in fermionic SPTs still remain an important theoretical question. In many cases, the freefermion classifications are shown to be stable against interaction effects, e.g. the Z 2 classification of timereversal-invariant topological insulators [10] . A breakthrough by Fidkowski and Kitaev [11] demonstrated that in one-dimensional fermionic systems with timereversal symmetry T 2 = 1, the non-interacting Z classification breaks down to Z 8 when strong interactions are present [11, 12] . The result was then generalized to two dimensions with an on-site Z 2 symmetry [13] [14] [15] [16] [17] [18] and three-dimensional time-reversal-invariant topological superconductors [19] [20] [21] [22] [23] . Recently several general classification schemes have been proposed for fermionic SPT phases, including group super-cohomology [24] , cobordism [25] and invertible topological field theories [26] .
In this work we pursue an alternative route to classify fermionic SPT(fSPT) phases in 2D. Following previous works on bosonic SPT phases, to characterize fSPT phases we introduce extrinsic defects carrying symmetry fluxes into the fSPT state. The classification is obtained by studying the topological properties of the defects, such as their fusion rules and braiding statistics. Similar ideas have proven to be quite successful in classifying bosonic SPT phases in 2D [27] [28] [29] [30] . The mathematical objects that classify 2D fSPT phases can be summarized as three group cohomologies of the symmetry group: H 1 (G, Z 2 ), BH 2 (G, Z 2 ) and H 3 (G, U (1)). H 1 (G, Z 2 ) which oneto-one corresponds to the Z 2 subgroups of G, classifies fSPT phases with Majorana edge modes. BH 2 (G, Z 2 ) has been derived in the group super-cohomology classification [24] and we clarify its physical meaning as the projective representations carried by fermion-parity fluxes. H 3 (G, U(1)) is the well-known classification of bosonic SPT phases [7] .
Generalities -First of all, let us clarify the meaning of the symmetry group G in a fermionic system. A fundamental symmetry of fermionic systems that can never be broken is the conservation of total fermion parity, denoted by Z f 2 . In addition to this symmetry, we assume the system has an on-site symmetry group G. The total symmetry group of the system is actually Z f 2 × G [48] . For most of our paper we assume G is unitary and finite. We will consider anti-unitary time-reversal symmetry in the end.
Our approach to the problem is based on the algebraic theory of two-dimensional gapped quantum phases [31] . Given a gapped phase in two dimensions, one can classify the low-energy localized quasiparticle excitations into superselection sectors (topological charges). Different topological charges can not be transformed into each other by applying local operators. Fusion and braiding of the topological charges are described by the mathematical framework of unitary braided tensor category (UBTC) [31] . In a fermionic system, states with even and odd numbers of fermions belong to different superselection sectors. Therefore we model a gapped fermion SPT phase abstractly by the (premodular)UBTC C f = {I, ψ}, where ψ represents a single fermionic excitation. The fusion rule is obviously ψ × ψ = I.
To classify fSPT phases with a unitary symmetry G, we exploit the idea of weakly gauging the symmetry [17, 27, 28] . To be more concrete, we introduce into the system non-dynamical point-like defects carrying symmetry fluxes. In other words, these defects are entirely extrinsic. We then enlarge our algebraic theory of quasiparticle excitations to include these defects. Defects by construction carry group labels, but they can also have their own topological charge labels. We therefore collect all defects labeled by the same group element g ∈ G into a g-sector C g , and define the so-called G-extension C G as C G = g∈G C g . Notice that the g = 1 sector C 1 is just the original theory C f . Similar to anyon models, the most fundamental property of defects is their fusion rules, i.e. how the topological charges are combined. But because defects also carry group labels, their fusion rules must be G-graded, namely for a g ∈ C g , b h ∈ C h , we have
where N c gh agb h are non-negative integers indicating the number of ways defects a g and b h can combine to produce charge c gh .
In order to completely define the G-extension, we need to study more subtle structures, such as the associativity of defect fusion and braiding transformations of defects. These are captured in a mathematical formalism called G-crossed braided fusion category, and we refer the readers to Ref. [29] for a complete treatment. In our case, we follow a more physically intuitive argument to avoid solving complicated algebraic equations. In particular, we take advantage of a special "invertibility" property of SPT phases: for each SPT state, there is a unique "conjugate" state such that by stacking them up one obtain the trivial state. Furthermore, given two SPT states, one can stack them together to get another SPT state, which is defined as their sum [49] . In other words, there is a natural Abelian group structure on SPT states. We will denote the Abelian group of fSPT phases with a given symmetry group G by G .
Classifying fusion rules -The G-grading structure of the fusion rules of defects has a profound consequence : one can show that all sectors C g have the same total quantum dimensions: [29, 32] . In our case, D 2 g = 2 leaves us with only two possibilities: (a) There are two Abelian defects in C g and they differ by fusing with ψ. We denote them by σ ± g . (b) There is a single non-Abelian defect in C g with quantum dimension √ 2. We denote it by σ g . First we show that the possible non-Abelian fusion rules have one-to-one correspondence with H 1 (G, Z 2 ), i.e. group homomorphisms from G to Z 2 . Assume for both g, h ∈ G the defects are non-Abelian. To be able to construct the fusion outcome of σ g × σ h ∈ C gh , we immediately see that the defects in the gh sector must be Abelian just to match the quantum dimension. There are still three possibilities:
The former two are impossible for the following reason: Assuming σ g × σ h = 2σ + gh . Using the symmetry of the fusion coefficients, we must have σ + gh × σ g −1 = 2σ h . The left-hand side has dimension √ 2 while the right-hand already has dimension 2 √ 2, which is clearly impossible. So we conclude that
On the other hand, if the g sector has a non-Abelian defect but the h sector has Abelian ones, the only available fusion rule is σ g × σ ± h = σ gh , implying that the defect in the gh sector is also non-Abelian. Obviously, if both g and h sectors have only Abelian defects, the gh sector only has Abelian ones, too.
What we have just established is that whether the gsector is non-Abelian or not gives a homomorphism from G to Z 2 . The inverse statement is quite obvious. Given any such homomorphism, we can write down fusion rules accordingly. Physically, a non-Abelian defect with quantum dimension d = √ 2 is associated with an odd number of Majorana zero modes localized at the defect which implies a topological degeneracy when there are multiple defects.
We also need to determine the fusion rules of the Abelian sectors G e consisting of all Z 2 -even group elements. For any g, h ∈ G e , we need to specify whether σ
We can generally write
where ω(g, h) = ±1 and n(g, h) =
. Since fusion must be associative, comparing (σ
Formally, this means that
. However, we must remember that the definition of σ + g is completely arbitrary and has no physical meaning. One can always swap σ + g and σ − g for each individual g, or more explicitly, we redefinẽ σ
ω g,h s related by such redefinitions should be considered equivalent. The equivalence classes of 2-cocycles [ω] are classified by the second group cohomology H 2 (G e , Z 2 ). Classifying fSPT phases -As we mentioned before, to get a complete classification of fSPT phases we need to understand the algebraic data of the defects which satisfy a set of consistency conditions [29] . Given a particular fusion rule of defects, there may be more than one distinct set of algebraic data. On the other hand, for certain fusion rules it is possible that the consistency conditions do not allow any solutions, in which case the fusion rules do not correspond to any two-dimensional fSPT phases, i.e. there are obstructions [29, 33] .
Let us start from the cases where all the defects are Abelian, i.e. we choose the trivial homomorphism from G to Z 2 . Such fSPTs will be referred to as Abelian fSPTs. The fusion rules of such extensions correspond to 2-cocycles ω ∈ H 2 (G, Z 2 ). We can show that for the obstruction to vanish, the following 4-cocycle must be trivial (i.e. it is a 3-coboundary):
We notice that Eq. (5) agrees exactly with the result of group super-cohomology [24] [50]. Following Ref. [24] we denote the obstruction-free subgroup of
, and the group of all Abelian fSPT states as
We briefly sketch the derivation of (5)(See supplementary material for a detailed derivation). The central quantity responsible for the obstruction is the F symbols for the associativity of defect fusion, defined diagrammatically as
They must satisfy consistency conditions known as the pentagon equations. We can determine the structure of F -symbols by bootstrapping from the pentagon equations between ψ and the defects, and obtain the following general parametrization of defect F symbols:
Here λ = ± labels the two defects in the same sector, and ν is a U(1) 3-cochain to be determined. Plugging (7) into the general pentagon equation we get dν = O, which implies that O belongs to the trivial cohomology class in H 4 (G, U (1)), thus the obstruction vanishing condition. Once the obstruction vanishes, different solutions of ν are given by 3-cocycles in H 3 (G, U (1)). In fact, we can see from the derivation that H 3 (G, U (1)) is a normal subgroup of G + with BH 2 (G, Z 2 ) being the quotient group.
We can actually further constrain the group structure of G , by noticing that the square of the F symbols (7) is ν 2 , and dν 2 = 0, i.e. ν 2 ∈ Z 3 (G, U (1)). This implies that "adding up" two Abelian fSPTs given by the same class in H 2 (G, Z 2 ) results in a bosonic SPT phase labeled by ν 2 [34, 35] .
Next we consider the non-Abelian fSPT phases. First we show that given a nontrivial Z 2 homomorphism of G there exists at least one non-Abelian fSPT, by explicitly constructing the extension. The fusion rules of the Z 2 -odd G-sectors are fixed by the homomorphism, and we choose a trivial 2-cocycle in H 2 (G e , Z 2 ), i.e. ω g,h ≡ 1 for the fusion rules of the Z 2 -even Abelian sectors. We define a map ϕ from the topological charges of this extension to those of the familiar Ising UBTC, which has three topological charges {Ĩ,ψ,σ}:
All the algebraic data follow from this map and the data of the Ising category. We will refer to the corresponding fSPT state as the root non-Abelian fSPT state. We now argue other non-Abelian fSPT phases with the same Z 2 homomorphism can all be generated from the root phase. We make use of the fact that a non-Abelian defect must localize an odd number of Majorana zero modes. Consider two non-Abelian fSPT states fSPT 1 and fSPT 2 corresponding to the same Z 2 homomorphism of G. Denote their sum fSPT 3 = fSPT 1 + fSPT 2 . Suppose we create a g-defect. If g is a Z 2 -even element, the defect is already Abelian both in fSPT 1 and fSPT 2 , so is in fSPT 3 . if g is a Z 2 -odd element, because fSPT 1 and fSPT 2 have the same Z 2 homomorphisms the defect localizes an even number of Majorana zero modes altogether, and can only be an Abelian one. Therefore all defects in fSPT 3 are Abelian. It immediately follows that any non-Abelian fSPT state is equivalent to the sum of the "root" state of the same Z 2 homomorphism and an Abelian fSPT state. This provides a complete classification of the non-Abelian fSPT phases. In addition, our argument implies that G + is a normal subgroup of G with H 1 (G, Z 2 ) being the quotient group.
Let us comment on the group structure of non-Abelian fSPT phases. From our discussion we see that the root non-Abelian fSPT is essentially a Z 2 fSPT. We also notice that given a homomorphism from G to Z 2 , we can define a Z 2 2-cocycle on G by pulling back the nontrivial 2-cocycle in H 2 (Z 2 , Z 2 ). We thus conjecture that the addition of two root non-Abelian fSPT with the same homomorphism yields an Abelian fSPT given by this 2-cocycle.
Gauging the fermion parity -An interesting probe of the symmetry-protected states is to consider gauging the fermion parity, which results in a (bosonic) topological gauge theory. The gauging procedure is well-defined in lattice models of fermions. One can choose the Hamiltonian such that the low-energy spectra of the resulting gauge theory coincide with the original model.
For fSPT states, it is easy to see that the gauged theory has four anyons {I, e, m, ψ}, where m is the Z 2 gauge flux, ψ is the fermion, e = m×ψ can be considered as the (bosonic) Z 2 charge. The topological order is identical to that of a Z 2 toric code lattice model. Importantly, the gauged theory preserves the G symmetry and is therefore a G-symmetry enriched Z 2 gauge theory. Therefore, a symmetric adiabatic path between two fSPT phases maps exactly to a symmetric adiabatic path between the corresponding Z 2 topological phases, and consequently if the two symmetry-enriched Z 2 topological phases are distinct, the original fSPTs must be distinct too [51] . In this approach we can consider anti-unitary symmetries, or the fermions carrying projective representations of the symmetry group.
Symmetry enrichment in the toric code model can be analyzed using the general theory developed in Ref. 29 (See also [36] for related discussions). First of all, one needs to specify the symmetry action on the topological charge labels of anyons. It is easy to see that besides a trivial action, there is a Z 2 action that permutes the e and m particles. These two possible actions on the label set form a Z 2 topological symmetry group. Therefore, the symmetry action on the label set is specified by a group homomorphism from G to Z 2 . It is clear that this is the same Z 2 homomorphism that classifies the non-Abelian fusion rules of symmetry defects in fSPT states.
Once the symmetry action ρ on charge labels is specified, we can classify patterns of symmetry fractionalization, i.e. anyons carrying projective representations of the symmetry group. This is captured by the group cohomology H 2 ρ (G, Z 2 ×Z 2 ), where the subscript ρ indicates that G has a nontrivial action on the coefficients. However, we need to make sure that the ψ particle always transforms trivially under the symmetry. This means that we can actually restrict the coefficient of the second group cohomology to be Z 2 = {I, ψ}, and we drop the G action ρ. Therefore we recover the previous classification [37] . We notice that this also provides a physical characterization of H 2 (G, Z 2 ), through local projective symmetry actions on the Z 2 fermion parity flux in a fermionic system, which can be measured in numerical simulations [38, 39] .
Examples -In this section we apply the general theory to G = Z n , Z 2 × Z 2 and Z T 2 .
• G = Z n . We label the group elements of Z n by a = 0, 1, . . . , n − 1 and the group multiplication is written additively, i.e. a + b = [a + b] where [a] is a mod n. First we have H 1 (Z n , Z 2 ) = Z (n,2) , i.e. non-Abelian fSPT phases exist for even n.
We then consider the Abelian fSPTs, classified by H 2 (Z n , Z 2 ) = Z (n,2) . Let us focus on the case of even n. Since H 4 (Z n , U(1)) is trivial, there are no obstructions. A representative cocycle in the nontrivial cohomology class is given by ω(a, b) = e Z N . This implies that two fSPT corresponding to the nontrivial 2-cocycle can be stacked to form the generating bosonic SPT. Therefore, the Abelian fSPT phases with Z n symmetry form a Z 2n group. We can actually completely determine the group structure and the classification is given by:
• G = Z 2 × Z 2 . We can easily see that
2 , corresponding to non-Abelian fSPTs protected by any of the three Z 2 subgroups. The Abelian fSPTs are classified by
Using the cohomology mapping (5) we find that all these cocycles are free of obstructions. Therefore, all these cocycles represent intrinsically distinct fSPT phases. Among the eight, four are essentially the fSPT phases corresponding to the two Z 2 subgroups. The other four are new fSPT phases where a Z 2 fermion parity flux carries two-dimensional projective representations of the symmetry group.
• G = Z T 2 = {1, T }. We now discuss time-reversal symmetry. Our method of symmetry extension does not apply because the time-reversal symmetry is anti-unitary. However, we can still consider gauging the fermion parity and study the symmetry action in the toric code. Since after gauging one has a spin model, the time-reversal symmetry operator satisfies T 2 = 1. We can then distinguish two cases, where the fermion ψ is a Kramers singlet (T 2 = 1) or a doublet (T 2 = −1). First let us specify the symmetry action ρ on the charge labels. There are two possibilities: (a) T does not change charge labels at all. (b) T exchanges e and m. Interestingly, in the latter case ψ must have T 2 = −1 [23, 40] . Therefore we immediately see that there is a 2D fSPT with T 2 = −1 fermions, in which the local fermion parity of a π vortex changes under the time-reversal operation [20, 41, 42] , and there are no other symmetry fractionalization classes due to
Let us consider the symmetry fractionalization class of the trivial action on the charge labels, which is classified by
Physically, the four classes correspond to four possible ways of assigning T 2 = ±1 to the four charges. For the two classes with ψ being a Kramers doublet, one of the e or m charges has to be a Kramers singlet, which means that the π vortex is trivial in the fSPT. Therefore they do not correspond to any nontrivial fSPT phases. We are then left with one nontrivial fractionalization class with ψ being a Kramers singlet, and both e and m being Kramers doublets. However, we know that this class has an obstruction of being realized in two dimensions [43, 44] and thus does not correspond to a fSPT in 2D. Together with the fact that H 3 (Z is a subgroup.
[49] We can define the stacking procedure more precisely: given two SPT phases described by Hamiltonians H1 and H2, their sum is defined as the ground state of H1 ⊕ H2.
For g ∈ G, we define the enlarged symmetry operation U (g) = U1(g) ⊗ U2(g) where U1,2(g) are the corresponding symmetry operations in the subsystems.
[50] We notice that a similar result has been obtained in Ref.
[45] by considering the symmetry transformation on the boundary) [51] A caveat here is that two distinct fSPT phases can correspond to the same symmetry-enriched toric code after gauging the fermion parity.
Supplementary material

REVIEW OF GROUP COHOMOLOGY
In this section, we provide a brief review of group cohomology for finite groups. Given a finite group G, let M be an Abelian group equipped with a G action ρ : G → M , which is compatible with group multiplication. In particular, for any g ∈ G and a, b ∈ M , we have
(We leave the group multiplication symbols implicit.) Such an Abelian group M with G action ρ is called a G-module. Let ω(g 1 , . . . , g n ) ∈ M be a function of n group elements g j ∈ G for j = 1, . . . , n. Such a function is called a n-cochain and the set of all n-cochains is denoted as C n (G, M ). They naturally form a group under multiplication,
and the identity element is the trivial cochain ω(g 1 , . . . , g n ) = 1. We now define the "coboundary" map d :
One can directly verify that ddω = 1 for any ω ∈ C n (G, M ), where 1 is the trivial cochain in C n+2 (G, M ). This is why d is considered a "boundary operator."
With the coboundary map, we next define ω ∈ C n (G, M ) to be an n-cocycle if it satisfies the condition dω = 1. We denote the set of all n-cocycles by
We also define ω ∈ C n (G, M ) to be an n-coboundary if it satisfies the condition ω = dµ for some (n − 1)-cochain µ ∈ C n−1 (G, M ). We denote the set of all n-coboundaries by Also we have
Clearly,
In fact, C n , Z n , and B n are all groups and the co-boundary maps are homomorphisms. It is easy to see that B n ρ (G, M ) is a normal subgroup of Z n ρ (G, M ). Since d is a boundary map, we think of the n-coboundaries as being trivial n-cocycles, and it is natural to consider the quotient group
which is called the n-th group cohomology. In other words, H n ρ (G, M ) collects the equivalence classes of n-cocycles that only differ by n-coboundaries.
OBSTRUCTION TO ABELIAN G-CROSSED EXTENSIONS
In this section we derive the obstruction to a consistent Abelian G-extension. We first briefly review the algebraic theory of symmetry defects, known as the G-crossed braided extension of a braided tensor category [29] . For simplicity, we assume all defects (as well as anyons in the original theory) are abelian. The collection of all defects is called the G-extension:
We will use the diagrammatic formulation (for a review, see Refs. [29, 31] ). The basic data of the G-extension includes:
• F symbols for associativity of fusion.
The F symbols can be viewed as changes of bases for the states associated with quasiparticles.
• G action on labels, defined by maps ρ g , which acts on the topological charge labels in the following way: ρ h (a g ) ∈ C hgh −1 . We write ρ h (a g ) as h a g . Diagrammatically, this means that when topological charge lines cross, the labels should change accordingly:
In our derivation we just need the obvious fact that ρ 1 (a g ) = a g .
• G action on fusion spaces, defined by unitary transformations U k (a g , b h ; c gh ):
Importantly, we have the normalization condition U 1 ≡ 1 1.
• Natural isomorphisms η x k (g, h) on topological charges, which define the projective G actions: Similarly, η are normalized: η x (1, h) = η x (g, 1) = 1.
• G-crossed R symbols, defined by the following diagrammatic relation:
These data satisfy a set of coherence conditions. For our purpose, we have to solve the pentagon equations and a generalization of hexagon equations, called heptagon equations (see Fig. 1 ), to find consistent F and R symbols. The pentagon equation leads to the following general parametrization of F symbols:
Notice that because we are considering Abelian fusion rules, all labels in the definition (17) of F symbol are uniquely determined by the three outgoing lines and therefore suppressed here. ν(g, h, k) is a U(1) 3-cochain, and θ is a Z 2 2-cocycle. And they should satisfy
This implies that the right-hand side must be a 4-coboundary. We now use G-crossed heptagon equations to find θ. Let us first consider the heptagon equation with the three outgoing lines being σ λ g , ψ and ψ (from left to right).
Since R ψψ = −1, we have
Let us consider the heptagon equation with the three outgoing lines being σ λ1 g , σ λ2
h and ψ (from left to right). Because ψ ∈ C 1 , the action on the vertex is trivial. We have 
Now we set λ 1 = λ 2 = + and notice σ 
We can further show that R σ + g ψ = ±1 by considering the heptagon equation for inverse braiding with the three outgoing lines being ψ, ψ, σ λ g . This is basically what we need, i.e. θ is Z 2 -cohomologically equivalent to (−1) n . Therefore, the necessary condition for the extension to exist is that the 4-cocycle:
O(g, h, k, l) = (−1) n g,h n k,l (29) is in the trivial cohomology class, i.e.
[O] = 0. Once the obstruction vanishes, different solutions of ν are related to each other by a 3-cocycle. 
PROJECTIVE PENTAGON EQUATION
In this section we give a different derivation of the obstruction mapping, which is closer in spirit to the group super-cohomology theory.
Instead of considering all the defects σ ± g , we take a representative, e.g. σ + g from each g-sector.
To account for the fusion rules, we allow the fusion space to be fermionic, i.e. Z 2 -graded. In our case, the fermion parity of the fusion space of σ g and σ h is completely determined by g and h: it is just (−1) n(g,h) . More general constructions of fermionic TQFTs have been studied in Refs. [46, 47] .
With this modification, now the F move becomes an operator possibly connecting states with different fermion parities.
